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 . .  . `  . .  .  .The discrete transformation LF x s f x s  2n q 1 r2 P x F n ,ns 0 n
 .where the P x 's denote the well-known Legendre polynomials, is an isomorphismn
 .between the space L N of the complex-valued sequences of rapid descent and0
 .the space L y1, 1 of all infinitely differentiable complex-valued functions defined
on y1 - x - 1, of slow growth in the end points y1 and 1. This result is extended
to the corresponding dual spaces. A space of multipliers for these spaces is
considered and the translation operator and the convolution are investigated on
them. The operational calculus generated involves certain finite-difference opera-
tors and is applied to find the solution of some ordinary and partial finite-
difference equations. Q 1998 Academic Press
1. INTRODUCTION
The finite Legendre transformation
1
Lf n s F n s P x f x dx , 1.1 .  .  .  .  .  .H n
y1
whose inversion formula is
` 2n q 1
y1L F x s f x s P x F n , 1.2 .  .  .  .  .  . n2ns0
 .the P x 's being the well-known Legendre polynomials, has been studiedn
w xby different authors, among others, by R. V. Churchill 2 , I. N. Sneddon
w x w x17 , and C. J. Tranter 19 .
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 .  .An interchange of the roles between 1.1 and 1.2 gives rise to the
discrete Legendre transformation
` 2n q 1
lF x s f x s P x F n 1.3 .  .  .  .  .  . n2ns0
and its inversion formula
1y1l f n s F n s P x f x dx. 1.4 .  .  .  .  . . H n
y1
 . w xThe transform 1.1 is profusely investigated in 5, 20 in a more general
 .context. However, the study of the discrete transform 1.3 is scarcely
w x  .found in the literature. In 13 we introduce the space l N of the complex0
  .4valued sequences F n , N denoting the set of nonnegative integerng N 00
numbers, such that
< ya n U k <l F s sup e L F n - `, .  .a , k n
ngN0
where a is a positive real number, for every k s 0, 1, 2, . . . . Here L*
stands for the finite-difference operator
n q 1 n
UL*F n s L F n s F n q 1 q F n y 1 , 1.5 .  .  .  .  .n 2n q 3 2n y 1
and its adjoint is supplied by
n q 1 F n q 1 q nF n y 1 .  .  .
LF n s L F n s . 1.6 .  .  .n 2n q 1
 .Henceforth F n must be taken as zero if n is negative.
Endowed with the topology generated by the collection of seminorms
 4  .l , l N turns out to be a Frechet space. Its dual space isÂa , k k g N 00
 .represented by by l9 N .0
Since, considered as a function of the discrete variable n, 2n q
. .  .  .1 r2 P x g l N for any x, y1 F x F 1, the generalized discrete Le-n 0
w xgendre transformation was defined in 13 as
2n q 1
l9F x s f x s F n , P x , F g l9 N , 1.7 .  .  .  .  .  .  .n 0 ;;2
its inversion theorem and main properties being investigated.
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w x  .On the other hand, in 12 we consider the space L y1, 1 of all
complex-valued infinitely differentiable functions defined on the interval
 .y1, 1 such that




2 2 2R s R s D x y 1 D s x y 1 D q 2 xD , D s . 1.8 .  .  .x dx
 .We equip L y1, 1 with the topology generated by the countable
 4  .  .multinorm g . Thus, L y1, 1 is a Frechet space. L 9 y1, 1 de-Âk k g N0
 .  .notes its dual space. Now note that, as a function of x, P x g L y1, 1 .n
The objective of this paper is to analyse the discrete Legendre transfor-
mation in a space of sequences of rapid descent to which, considered as a
 . .  .function of n, the kernel 2n q 1 r2 P x does not belong. This factn
makes it impossible to define the generalized transformation by means of
 .1.7 and it will be necessary to do it through a quite different method that
will be based on the Parseval relation
` 2n q 1 1
lf n lw n s f x w x dx , 1.9 .  .  .  .  .  .  . H2 y1ns0
in a similar way as the Fourier transform is extended to a space of
w xtempered distributions 16 . In order to attain this goal, we first establish
that the discrete Legendre transformation is an isomorphism of the space
 .  .L y1, 1 into certain space L N of sequences of rapid descent and later0
the generalized transformation is defined between their duals by adjoint-
w xness. Next, inspired by the works of L. Schwartz 16 about the Fourier
w xtransform and J. J. Betancor and I. Marrero 1, 11 with regard to the
 .Hankel transformation, we introduce the discrete space O N of the0
 .  .multipliers of the space L N and its dual L9 N and investigate the0 0
properties of the translation operator and the convolution on these spaces.
Finally, the results obtained are applied in solving a certain kind of
ordinary and partial difference equations.
Along this work we shall frequently use the following formulas and
w xproperties of the Legendre polynomials 2, 3, 10, 18 :
n q 1 P x q nP x s 2n q 1 xP x 1.10 .  .  .  .  .  .nq1 ny1 n
P x F 1, 1 F x F 1, n s 0, 1, 2, . . . 1.11 .  .n
n
P 1 s 1, P y1 s y1 1.12 .  .  .  .n n
R P x s n n q 1 P x 1.13 4 .  .  .  .x n n
k 2 kD P x F n , y1 F x F 1, k s 0, 1, 2, . . . . 1.14 .  .n
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wRecall, in the end, that the translation operator of the finite calculus 6,
x9 is defined by
EF n s F n q 1 , 1.15 .  .  .
whereas the finite-difference operator is
DF n s F n q 1 y F n . 1.16 .  .  .  .
 .  .In view of 1.6 and 1.10 we obtain
L P x s xP x , 1.17 .  .  .n n
which will play the same role in our finite calculus as that of the
 . w xdifferential relation 1.13 in 12 .
 ::As for the notation, the symbol , will be used to represent a
 .  .  :functional acting on the spaces l N and L N and , to denote a0 0
 . 1 .functional operating on L y1, 1 . As usual, l N denotes the class of0
 .those complex sequences F n for which
` 2n q 1
5 5F s F n .1 2ns0
` .  .is finite, while l N consists of all complex sequences F n such that0
5 5F s sup F n - `. .`
ngN0
w  . xRemark 1.1. The Legendre equation 3, II , p. 79
1 y x 2 y0 y 2 xy9 q n n q 1 y s 0 .  .
 2 .reduces to the same equation 1 y x y0 y 2 xy9 s 0 for the values n s 0
 .  .and n s y1. This justifies our assumption P x s P x by convention.y1 0
 .  .This argument permits us to put in general P x s P x , n g N .yny1 n 0
 .2. THE SPACE L N OF THE SEQUENCES OF RAPID0
DESCENT AND ITS DUAL
 .We define L N as the linear space of all complex-valued sequences0
  .4F n such that, for any pair of nonnegative integers r and s, one hasng N0
r sQ F s sup n L F n - `, 2.1 .  .  .r , s
ngN0
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 .where L is the finite-difference operator 1.6 . Note that each Q is ar , s
 .seminorm on L N and, in particular, the Q are norms. Then, the0 r , 0
 .  4  .topology of L N is that generated by Q . Thus, L N turns out0 r , s r , sg N 00
to be a Frechet space.Â
 .  .In the following, L9 N represents the dual space of L N and we0 0
assign it the weak topology generated by the collection of seminorms
 4j , which are defined byF F g LN .0
 ::j F s F n , F n , F g L9 N . .  .  .  .F 0
 .The members of L N can be characterized easily.0
  .4PROPOSITION 2.1. The complex sequence F n is a member ofng N0
 .  .L N if and only if F n is of rapid descent.0
 .Proof. Assume that F n is of rapid descent, that is to say,
1
F n s o , as n ª `, 2.2 .  .t /n
for any t g N . On the other hand, by a direct computation we get0
s
sL F n s r n F n q i , 2.3 .  .  .  . i
isys
 .where the r n stand for certain rational functions, whose denominatorsi
 .  . r s  .do not vanish in N . The results 2.2 and 2.3 prove that n L F n ª 0 as0
< r s  . <n ª `. This implies that n L F n is bounded for any n g N and,0
 .therefore, F g L N .0
 .  .Conversely, if F g L N we deduce immediately from 2.1 with s s 00
that F is of rapid descent.
 .  .Some properties of the spaces L N and L9 N are remarked below.0 0
 .   .4i Every complex-valued sequence F n such thatng N0
`
F n - ` 2.4 .  .
ns0
 .gives rise to a regular member in L9 N through0
`
 ::F , F s F n F n , F g L N . 2.5 .  .  .  . 0
ns0
Indeed, the linearity being obvious, its continuity is inferred from
`
 ::F , F F Q F F n s CQ F . .  .  .0, 0 0, 0
ns0
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 .  .In particular, each member of L N fulfils the requirement 2.4 , since0
` ` 1
F n F Q F q 2Q F q Q F - `. 4 .  .  .  . 2, 0 1, 0 0, 0 2n q 1 .ns0 ns0
 .Furthermore, two members of L N that generate the same regular0
 .member in L9 N must necessarily be identical. Thus, we can identify0
 .  .  .  .L N with a subspace of L9 N and the inclusion L N ; L9 N is0 0 0 0
justified.
 .  .ii The classical finite-difference operator L given by 1.6 is a
 .continuous linear mapping of L N into itself. In effect,0
Q LF s Q F , F g L N . .  .  .r , s r , sq1 0
Hence, the generalized finite-difference operator L defined by means of
 ::  ::L F , F s F , LF 2.6 .
 .is also a continuous linear mapping of L9 N into itself.0
 .  .  .  .iii L N is a subspace l N and the topology of L N is stronger0 0 0
 .than that induced on it by l N .0
 .Notice firstly that 1.5 can be written
L*F n s a n F n q 1 q a n nF n y 1 , .  .  .  .  .1, 1 1, 0
 .  .  .  .  .where a n s n q 1 r 2n q 3 and a n s 1r 2n y 1 . An induc-1, 1 1, 0
tive procedure allows us to obtain
s
2 sL* F n s a n F n q 2 s y j .  .  . . 2 s , 2 syj
js0
s
q a n n n y 1 . . . n y 2 j q 1 F n y 2 j , .  .  .  . 2 s , syj
js1
s s 0, 1, 2, . . . , 2.7 .
and
L*2 sy1F n s .
s
a n F n q 2 s y j q 1 .  . . 2 sy1, 2 syj
js1
s
q a n n ny1 . . . ny2 jq2 F ny2 jq1 , .  .  .  . 2 sy1, syj
js1
s s 1, 2, . . . , 2.8 .
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 .where the a n 's denote rational functions whose denominators neveri, j
 .  .are equal to zero in N . Now, for an arbitrary F g L N , by virtue of 2.70 0
 .and 2.8 we get
ya n kL F s sup e L* F n F C Q F , 2.9 .  .  .  .a , k a , k 0, 0
ngN0
<  . < ya n  .  .since a n e F C a for any n g N , C and C a beingi, j i, j 0 a , k i, j
w x  .certain positive constants. By invoking 20, p. 12 and 2.9 we conclude
validity of our assertion.
 .  .  .Therefore, the restriction of F g l9 N to L N is a member of L9 N0 0 0
 .  .and the inclusion l9 N ; L9 N must be understood in this sense.0 0
 .  . .  .iv Observe that 2n q 1 r2 P x , considered as a function of then
 .discrete variable n, does not belong to L N , for,0
2n q 1
rQ P 1 s sup n P 1 s `, r s 0, 1, 2, . . . , 4 .  .r , 0 n n2ngN0
 .in view of 1.12 .
 . .  .  . w xOn the contrary, 2n q 1 r2 P x is a member of l N 13 . By thisn 0
 .reason the previous inclusion in iii is strict.
 .  . .  .PROPOSITION 2.2. The operation F n ª 2n q 1 r2 F n is an iso-
 .morphism of the space L N into itself.0
 .Proof. By proceeding in a similar way as in the proof of formulas 2.7
 .and 2.8 , we can verify in relation to the operator L,
2n q 1
sL F n .
2
w xsr2 q«
s A n F n q 2 s q j q « .  . . 2 syj
js«
w xsr2 q«
q A n n n y 1 . . . n y 2 j q 1 q « F n y 2 j q « .  .  .  . sy j
js1
2.10 .
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and, analogously,
2
sL F n .
2n q 1
w xsr2 q«
s B n F n q 2 s y j q « .  . . 2 syj
js«
w xsr2 q«
q B n n n y 1 . . . n y 2 j q 1 q « F n y 2 j q « , .  .  .  . sy j
js1
2.11 .
w xwhere s represents as usual the integer part of s g R; « s 0 when s is
 .  .even and « s 1 when s is odd, and A n and B n denote rationali i
coefficients with non-zero denominators.
 .Our assertion is now an immediate consequence of expressions 2.10
 .and 2.11 .
COROLLARY 2.1. The operator F ¬ L*F is a continuous linear mapping
 .of L N into itself. Hence, the operator F ¬ L*F defined by0
 ::  ::L*F , F s F , L*F , F g L9 N , F g L N 2.12 .  .  .0 0
 .is also a continuous linear mapping of L9 N into itself.0
 .Proof. This result is deduced by combining property ii , Proposition
2.2, and the relation
2n q 1 2
L*F n s L F n .  .
2 2n q 1
 .  .between both the finite-difference operators 1.5 and 1.6 .
3. THE DISCRETE LEGENDRE TRANSFORMATION IN
 .  .THE SPACES L N AND L9 N0 0
In order to show the main result of this paper, we need to establish first
the next assertion.
 .  . s  .PROPOSITION 3.1. a The operation w x ¬ x w x , s s 0, 1, 2, . . . , is
 .a continuous linear mapping of L y1, 1 into itself.
 .  . s  .b The operation f x ¬ x f x , defined through
 s :  s :x f x , w x s f x , x w x , .  .  .  .
 .is also a continuous linear mapping of L 9 y1, 1 into itself.
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Proof. Some straightforward manipulations lead to obtain the formula
s s s sy2R x w x s x Rw q s s q 1 x y s y 1 x w .  .  . .
q 2 s x 2 y 1 x sy1 Dw . .
The general case
k
k s k . kyiR x w x s p x R w x .  .  . .  s , i
is0
ky1
2 k . kyiy1q x y 1 q x DR w x 3.1 .  .  .  . sy1, i
is0
k . . k .  .can be proved by induction on k, where p x and q x stand fors, i sy1, i
 . k . . spolynomials of sth and s y 1 th degrees, respectively, with p x s xs, 0
for every k s 0, 1, 2, . . . .
 .  .On the other hand, w g L y1, 1 implies that w x and its derivatives
w xare bounded as x ª 1 y 0 and x ª y1 q 0 12, Proposition 2.1 . Taking
into account the last result, a simple integration yields
x
2x y 1 Dw x s Rw t dt 3.2 .  .  .  .H
y1
 .  .in view of 1.8 . By substituting 3.2 into the second addend of the
 .right-hand side in 3.1 we obtain
k
k s k .R x w x F C g w . .  . .  s , i kyi
is0
 .  .This inequality completes the proof of part a . Part b of our assertion
 . w xis inferred bearing in mind a and 20, Theorem 1.10-1 .
Now we can state the following.
 .THEOREM 3.1. The discrete Legendre transformation gi¨ en by 1.3 is an
 .  .isomorphism of the space L N into L y1, 1 , its in¨erse being defined by0
 .1.4 .
Proof. It is clear that l is a linear mapping. Next, let F be an arbitrary
 .member of L N . Notice that0
` 2n q 1
kg lF x s g w s sup R F n P x . 3.3 4 .  .  .  .  .  .k k n2y1-x-1 ns0
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w xIt can be easily seen that 4, p. 110
2k
k jR w x s p x D w x , .  .  . j
js1
 .where p x are polynomials of jth degree. On the other hand, the seriesj
 .1.3 and those obtained after any number of term-by-term differentiation
 .  .of 1.3 converge uniformly on y1 F x F 1. Indeed, according to 1.14 we
have
` 2n q 1
jF n D P x 4 .  . n2ns0
` 2n q 1
2 jF n F n . 2ns0
` 1
F 8Q F q Q F - `. .  . 2 jq3, 0 2 j , 0 2n q 1 .ns0
Thus, it is permissible to interchange the differential operator R with
 .  .the summation sign to get, in view of 1.13 and 1.11 ,
` 2n q 1 k
F n n n q 1 P x .  .  . n2ns0
` 1
kq3F 2 Q F q Q F . .  . 2 kq3, 0 k , 0 2n q 1 .ns0
 .Finally, bearing in mind this result in 3.3 , we arrive at
g lF F C Q F q Q F , .  .  .k k k , 0 2 kq3, 0
 . .for a certain positive constant C . This inequality proves that w s lF xk
 .  .g L y1, 1 and that the linear mapping l is also continuous from L N0
 .into L y1, 1 .
 .Conversely, assume that w g L y1, 1 and evaluate
1
t s y1 r sn L l w n s n L P x w x dx .  .  . . H n
y1
1r ss n x P x w x dx , 3.4 .  .  .H n
y1
 .where we have made use of 1.17 .
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 2 .By integrating by parts 2 r times and setting R s D x y 1 D, the
 .right-hand side in 3.4 adopts the form
1 11 1s r r sx w x R P x dx s P x R x w x dx 4 .  .  .  .H Hr rn nn q 1 n q 1 .  .y1 y1
3.5 .
j  .  .since the limits terms are equal to zero because of D w x s O 1 as
 .x ª "1, for any j g N . By virtue of Proposition 3.1 and combining 3.40
 .and 3.5 we are led to
r
r s y1  r .n L l w n F 2 C g w , .  . .  s , i ryi
is0
 .in other words, for all w g L y1, 1 the inequality
r
y1  r .Q l w F C g w . . r , s s , i ryi
is0
 r .holds, where C represent certain positive constants. This completes thes, i
proof of the second part of our assertion.
y1 .  y1 .  .Moreover, l lF s F and l l w s w for any F g L N and for0
 .each w g L y1, 1 , respectively.
The generalized discrete Legendre transformation is defined by
l9: L9 N ¬ L 9 y1, 1 .  .0
F ¬ l9F ,
where
2n q 1
 :l9F x , lF x s F n , F n , F g L N . .  .  .  .  .  .  .0 ;;2
3.6 .
 .This definition is suggested by the classical Parseval relation 1.9 . We
 .remark that the right-hand side in 3.6 has a sense in view of Proposi-
tion 2.2.
w xFrom Theorem 3.1 and 20, Theorem 1.10-2 we immediately obtain.
THEOREM 3.2. The generalized discrete Legendre transformation l9 is an
 .  .isomorphism between the spaces L9 N and L 9 y1, 1 .0
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 .By setting lF s w and l9F s f the expression 3.6 can be rewritten
2n q 1
y1 y1  :l9 f n , l w n s f , w , 3.7 .  .  . .  . ;;2
 .  .  .for any w g L y1, 1 and f g L 9 y1, 1 . We can consider that Eq. 3.7
defines the inverse of l9.
Next, we establish the most interesting operational formulas of the
discrete Legendre transform:
PROPOSITION 3.2. Let k g N .0
 .  .a If F g L N , then0
l Lk F s x k lF . .  .
 .  .b If F g L9 N , then0
l9 L*kF s x k l9F . .  .
 .Proof. To derive a , assume firstly that k s 1. By making use of the
 .  .well-known finite difference operators 1.15 and 1.16 we find that
` 2n q 1
l LF s P x LF n .  .  . n2ns0
` `1 2n q 1
s P x D n DF n y 1 q P x F n . 3.8 .  .  .  .  . n n2 2ns0 ns0
Now, having resorted twice to the rule of summation by parts of the finite
w x  .calculus 9, p. 29 , the first term of the right-hand side in 3.8 may be
expressed as
`1
E P x ? D n DF n y 1 4 .  . . ny12 ns0
1 nª`s P x n DF n y 1 .  .ny1 ns02
1 nª`y n y 1 D P x ? F n y 1 4 .  .  .ny2 ns02
`1
q D n D P x ? F n .  . ny12 ns0
`1
s D n D P x F n , .  . ny12 ns0
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since the terms within the braces vanish in view of Remark 1.1 and the fact
that F is of rapid descent. By taking into account this result and the
relation
D n DF n y 1 s 2n q 1 LF n y F n 3.9 4 .  .  .  .  .
between the classical finite-difference operator D and the operator L, we
 .deduce from 3.8 that
` 2n q 1
l LF s L P x F n s x lF x , .  .  .  .  . . n2ns0
 .according to the operational rule 1.17 . The general case follows by
induction on k.
 .  .  .  .To verify b , we infer from 3.6 , 2.12 , and formula a that
 :l9 L*F , lF .  .
2n q 1 2n q 1
s L*F n , F n s F n , L* F n .  .  .  . ;;  ;;2 2
2n q 1
 :s F n , LF n s l9F , lLF .  .  .  . ;;2
 :  :s l9F , x lF s x l9F , lF , .  .  .  .
by virtue of Proposition 3.1 and the relation
2n q 1 2n q 1
L* F n s LF n .  .
2 2
 .  .between both the finite-difference operators 1.5 and 1.6 .
 .COROLLARY 3.1. If F is an arbitrary member of L N , then the classical0
 .transformation lF, gi¨ en by 1.3 , is a particular case of the generalized
 .discrete transform l9F, defined by 3.6 .
 .  .Proof. Note that l9F has a sense because L N ; L9 N . On the0 0
 .  .other hand, for any F g L N , it follows from 3.6 that0
2n q 1
 :l9F , lF s F n , F n .  .  .  . ;;2
` 2n q 1
s F n F n , 3.10 .  .  . 2ns0
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 .by invoking Proposition 2.2 and property i of Section 2. Next in accor-
dance with Theorem 3.1, one has
 :  :lF , lF s f , w , 3.11 .
 .where f s lF and w s lF belong to L y1, 1 . But each member of
 .  .L y1, 1 generates a regular member of L 9 y1, 1 . By this reason the
 .right-hand side in 3.11 may be rewritten
` 2n q 11 :f , w s f x w x dx s F n F n , 3.12 .  .  .  .  .H 2y1 ns0
 .after we have made use of the classical Parseval equality 1.9 . Finally, by
 .  .  .combining 3.10 , 3.11 , and 3.12 we arrive at l9F s lF, which is what we
wished to prove.
 .Let F be an arbitrary member of l9 N . In view of the inclusion0
 .  .   . .l9 N ; L9 N remember property iii of Section 2 , F admits two0 0
 .discrete Legendre transforms, namely: f defined by 1.7 and l9F given by
 .3.6 . In order to guarantee that the developed theory is consistent, we
have to prove that both definitions agree. This is shown in the following
assertion:
 .COROLLARY 3.2. For e¨ery F g l9 N , f s l9F in the sense of the0
 .equality in the space L 9 y1, 1 .
 .Proof. We only outline the proof. Assume that w g L y1, 1 and
`w x. w x  .recall that f g C y1, 1 13 . This implies that f , defined by 1.7 ,
 .generates a regular member in L 9 y1, 1 . Moreover, the technique of
w xRiemann sums 20, p. 148 allows us in the sequel to interchange the
functional symbol with the integral sign. All these considerations justify
the following steps,
2n q 11 1 :f , w s f x w x dx s F n , P x w x dx .  .  .  .  .H H n ;;2y1 y1
2n q 1 1
s F n , P x w x dx .  .  .H n ;;2 y1
2n q 1
s F n , F n , 3.13 .  .  . ;;2
y1  .where F s l w g L N in view of Theorem 3.1.0
 .  .On the other hand, since F g L9 N the last term in 3.13 converts0
into
 :  :l9F , lF s l9F , w .
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 :  :  .From this we see that f , w s l9F, w for any w g L y1, 1 . Thus the
proof is ended.
4. THE TRANSLATION OPERATOR AND THE
CONVOLUTION
 .The classical convolution corresponding to the discrete transform 1.3 is
w xinvestigated by I. I. Hirschman in 7 . Let m g N be arbitrarily fixed. We0
1 . wdefine the translation t of the sequence F g l N by means of 13,m 0
 .x4.3
` 2n q 1
t F l s P l , m , n F n , 4.1 .  .  .  .m 2ns0
where
1
P x P x P x dx s P l , m , n , 4.2 .  .  .  .  .H l m n
y1
for any l, m, n g N . The formula0
l t F s P x lF x 4.3 .  .  .  .  .m m
 . w xholds. Notice that P l, m, n vanishes for n ) l q m 7, p. 339 .
 . w xWe now list some properties involving the kernel P l, m, n 7, 8 :
P l , m , n G 0 4.4 .  .
` 2n q 1
P x P x s P l , m , n P x 4.5 .  .  .  .  .l m n2ns0
` 2n q 1
P l , m , n s 1. 4.6 .  . 2ns0
Next the convolution is introduced through
` 2 l q 1
F(C n s F l t C l .  .  .  . n2ns0
` ` 2 l q 1 2m q 1
s P l , m , n F l C m , 4.7 .  .  .  .  2 2ls0 ms0
1 . 1 . 5 5for every F, C g l N . It is easily deduced that F(C g l N , F(C 10 0
5 5 5 5F F C , and1 1
l F(C x s lF x ? lC x . 4.8 .  .  .  .  .  .  .
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In the following assertions we will reproduce these properties in the
 .  .spaces l N , L N , and their duals.0 0
PROPOSITION 4.1. Let m g N arbitrarily fixed. Then,0
 .i The operation F ¬ t F is a continuous linear mapping fromm
 .L N into itself.0
 .  .ii If F g L N and k g N , one has0 0
t Lk F s Lk t F .m m
 .  .  .  .iii The mapping F, C ¬ F(C is continuous from L N = L N0 0
 .into L N .0
 .  .iv For e¨ery F, C g L N it is fulfilled that0
L F(C s LF (C q F( LC . .  .  .
Proof. Note first that
` `2 l q 1 2n q 1
P l , m , n F n .  . 2 2ls0 ns0
` `2n q 1 2 l q 1
F F n P l , m , n .  . 2 2ns0 ls0
` 2n q 1
s F n - `, . 2ns0
 .  .  .by invoking 4.4 and 4.6 , and taking into account that F g L N ;0
1 .  .l N . Now it is as deduced from 4.3 that0
y1t F s l P x lF x . 4.9 .  .  .  .m m
 .  .  .For brevity, we set lF s w. Since P x w x g L y1, 1 for all w gn
 .  .  .L y1, 1 , the statement i follows immediately from 4.9 and Theo-
rem 3.1.
 .To verify ii , observe that we can write
t Lk F s ly1 P x l Lk F x .  .  . .m m
s ly1 P x x k lF x s ly1 LkP x lF x .  .  .  .  .  . .  . .m m
s Lk ly1 P x lF x s Lk t F , .  .  . .m m
 .  .  .by resorting to 4.9 , part a in Proposition 3.2, and 1.17 .
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 .Starting from 4.8 we obtain
F(C s ly1 lF lC . 4.10 .  .  . .
 .  . wInasmuch as w ? c g L y1, 1 whenever w, c g L y1, 1 12, Proposition
x  .  .2.1 , the assertion iii is a simple consequence of 4.10 and Theorem 3.1.
 .  .Using 4.10 and the operational formula a in Proposition 3.2 we
arrive at
LF (C s ly1 lLF ? lC s ly1 x lF ? lC , .  .  .  .  . .  .
whose left-hand side has sense in view of Proposition 3.1. Similarly,
F( LC s ly1 x lF ? lC . .  .  . .
 .On the other hand, Proposition 3.1 and 4.8 allow us to write
y1 y1L F(C s l lL F(C s l x lF ? lC . .  .  .  . .
 .Finally, by combining these results we infer iv .
 .  .Next we define the convolution of F g L9 N and F g L N by0 0
2 l q 1
F (F n s F l , t F l . 4.11 .  .  .  .n ;;2
 .In particular, if F g L N , then F generates a regular member in0
 .  .  .L9 N according to 2.5 . Thus, 4.11 adopts the form0
` 2 l q 1
F (F n s F l t F l , .  .  . n2ls0
 .in other words, in this case the generalized convolution 4.11 reduces to
 .the classical definition 4.7 .
 .  .Henceforth O N will represent the space of all sequences M n such0
< k  . <  .  .that L M n F P n , for every k g N and a certain polynomial P n0
 .  .with positive coefficients. Equivalently, M n g O N when, and only0
< ya k k  . <when, for any k g N there exists a g N such that n L M n - `0 k 0
for every n g N .0
 .  .  .PROPOSITION 4.2. O N is a multiplier space for L N and L9 N .0 0 0
 .  .Proof. Let M be any member of O N . We have that M ? F g L N ,0 0
 .  .  .for whatever F g L N . Indeed, by virtue of 2.3 and the fact that F n0
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is taken as zero for negative values of n, we get
Q MF .r , s
r ss sup n L M n F n .  .
ngN0
s
F r 0 F i .  . i
is0
s




F C Q F - ` . a r  i. , 0i
isys
 .  .r, s g N , for suitable positive constants C and r i g N , ys F i F s.0 a 0i
 .We have really established that the operation M, F ¬ M ? F is a
 .  .  .continuous linear mapping from O N = L N into L N .0 0 0
 .If F g L9 N we define as usual0
 ::  ::MF , F s F , M ? F , F g L N . 4.12 .  .0
 .The above considerations imply that the operation M, F ª M ? F, given
 .  .  .by 4.12 , is also a continuous linear mapping from O N = L9 N into0 0
 .L9 N .0
 .Proposition 4.2 justifies that the space O N be endowed with the0
topology generated by the family of seminorms
P M s sup Q M ? F , F g L N , .  .  .r , s ; B r , s 0
FgB
 .  .where B runs all bounded subsets of L N . So O N becomes a0 0
Hausdorff, nonmetrizable, complete, topological vector space. Note that
 .  .  .L N is a proper subspace of O N . Since each element of O N0 0 0
 .  .  .provides a regular member in L9 N through 2.5 , the inclusion O N ;0 0
 .L9 N is justified.0
 .  .PROPOSITION 4.3. Assume that F g l9 N . For any F g L N , the0 0
exchange formula
l F (F x s l9F x ? lF x , x g y1, 1 , 4.13 .  .  .  .  .  .  .  .
 .holds. The mapping F ¬ F (F is continuous from L N into itself. More-0
 . .o¨er, the sequence 2n q 1 r2 F (F gi¨ es rise to a regular member in
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 .L9 N satisfying0
2n q 1 2n q 1
F (F , F s F , F(C , C g L N . .0 ;;  ;;2 2
 .  .Proof. Since l9 N ; L9 N , then F (F is well-defined in accordance0 0
 .with 4.11 . Hence, by definition,
N 2n q 1 2 l q 1
l F (F x s lim F l , t F l P x .  .  .  .  . n n ;;2 2Nª` ns0
N2 l q 1 2n q 1
s lim F l , t F l P x . 4.14 .  .  .  . n n ;;2 2Nª` ns0
w  .x  .By invoking 13, 2.8 and Proposition 4.1 ii , as well as making use of
 . w  .x4.9 and the operational rule 12, 3.22 we are led to
`2 l q 1 2n q 1
ya l ke L* t F l P x .  . n n2 2nsNq1
`2 l q 1 2n q 1
ya l ks e t L F l P x .  . n n2 2nsNq1
`2 l q 1 2n q 1
ya l y1 ks e l P t l L F t n P x .  .  .  .  . l n2 2nsNq1
`2 l q 1 2n q 1
ya l y1 ks e l P t t lF t n P x .  .  .  .  . l n2 2nsNq1
`2 l q 1 2n q 1
ya l y1 2 ks e l R P t t w t n P x , .  .  .  . 4 t l n22 2 n n q 1 .nsNq1
4.15 .
 .  .where w s l F g L y1, 1 .
<  j. . < 2 jOn the other hand, if we resort to the inequality P x F l , j sl
w x0, 1, . . . , 2, p. 233 involving the derivatives of the Legendre polynomials,
2  .take into account that R is a differential operator of fourth order by 1.8t
 . wand recall the characterization of the members of the space L y1, 1 12,
x  .Proposition 2.1 , it is inferred from 4.15 ,
`2 l q 1 2n q 1
l t F l P x .  .a , k n n 52 2nsNq1
`1 1
F C ª 0, as N ª q`.a , k 2N q 1 nns1
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 . . `  . .In short, we have checked that 2 l q 1 r2  2 n q 1 r2nsNq1
 .  .t F l P x converges to zero as N ª q` in the topology of the spacen n
 .  .l N . Therefore, it is deduced from 4.14 that0
l F (F x .  .
`2 l q 1 2n q 1
s F l , t F l P x .  .  . n n ;;2 2ns0
2 l q 1 2 l q 1
s F l , lt F x s F l , P x lF x .  .  .  .  .  .  .l l ;;  ;;2 2
2 l q 1
s lF x F l , P x s lF x ? l9F x , .  .  .  .  .  .  .  .l ;;2
 .  .  .by virtue of 1.7 and 4.3 . This completes the proof of 4.13 .
 . . ` . r . . Next, since l9F x g C y1, 1 and D l9F x is bounded r s
.  . w0, 1, 2, . . . , for every F g l9 N and y1 F x F 1 13, Proposition 3.1 and0
x  .  .  .Proof of Proposition 3.2 , we get that lF ? l9F g L y1, 1 because of
w x12, Proposition 2.1 . This implies that
F (F s ly1 l9F ? lF . .  . .
So, we conclude that F (F is continuous in accordance with Theorem 3.1.
 .  . .  .Finally, inasmuch as F (F g L N then 2n q 1 r2 F (F g L N in0 0
 . .line with Proposition 2.2. Consequently, 2n q 1 r2 F (F gives rise to a
 .regular member in L9 N through0
`2n q 1 2n q 1
F (F , C s F (F n C n .  .  . ;;2 2ns0
` 2n q 1 2 l q 1
s F l , t F l C n .  .  . n ;;2 2ns0
`2 l q 1 2n q 1
s F l , t F n C n .  .  . l ;;2 2ns0
2 l q 1
s F l , F(C . ;;2
for any C.
 .Remark 4.1. If we replace in Proposition 4.3 the hypothesis F g l9 N0
 .for the widest one F g L9 N the conclusion is false in general. Indeed,0
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 .  .F n s 1 is a regular distributional sequence in L9 N and it fulfils0
` 2 l q 1
F (F n s t F l .  . n2ls0
` `2m q 1 2 l q 1
s F m P m , n , l .  . 2 2ms0 ls0
` 2m q 1
s F m , . 2ms0
 .  .in other words, F (F n is a constant depending on F g L N . Hence0
 .Q F (F s q`, for each r s 1, 2, 3, . . . . This implies that F (F fr ,0
 .  .L N . However, in this particular case, it is obvious that F (F g O N .0 0
w xIn 14 we have established that the last result holds in general, that is,
 .  .  .F (F g O N for every F g L9 N and F g L N .0 0 0
5. APPLICATIONS
By way of illustration the applications of the discrete Legendre transfor-
mation, we will tackle the following problems:
 .  .a First we propose to find a generalized sequence u m, n , m and
n g N , satisfying the partial difference equation with variable coefficients0
m q 1 m q 2 .  .
u m q 2, n .
2m q 3 2m q 5 .  .
22m m q 1 .
q q u m , n .
2m y 1 2m q 1 2m q 1 2m q 3 .  .  .  .
m m y 1 .
q u m y 2, n q u m , n q 2 s 0 5.1 .  .  .
2m y 1 2m y 3 .  .
and the initial conditions
u m , 0 s A m g L9 N 5.2 .  .  .  .0
u m , 1 s B m g L9 N . 5.3 .  .  .  .0
 .  .By employing the finite-difference operator 1.5 , Eq. 5.1 becomes
LU 2 u m , n q u m , n q 2 s 0. 5.4 .  .  .m
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 .   .4 .If we set U x, n s l9u m, n x and apply the discrete Legendre trans-
 .formation, bearing in mind the operational rule b in Proposition 3.2,
 .Eq. 5.4 converts into the ordinary finite-difference equation
x 2U x , n q U x , n q 2 s 0 .  .
whose general solution is
np np
nU x , n s x C cos q C sin . 5.5 .  .1 2 /2 2
 .  . . y1  .The values of the constants C s a x s l9 A x and C s x b x s1 2
y1 . .  .  .x l9B x are suggested by the conditions 5.2 and 5.3 . Now, by
 .inverting 5.5 in agreement with Theorem 3.2, we obtain the required
solution
u m , n s l9y1U x , n m , 4 .  .  .
defined by means of the functional
2m q 1
u m , n , F m .  . ;;2
 :s l9u m , n x , lF m x 4  4 .  .  .  .
np np
n y1 :s U x , n , w x s x a x cos q x b x sin , w x .  .  .  .  . ; 52 2
np np
n ny1 :  :s cos x a x , w x q sin x b x , w x .  .  .  .
2 2
np
y1 ns cos l9 x a x m 4 .  . . 2
np 2m q 1
y1 ny1qsin l9 x b x m , F m , .  .  . 4 . ;;2 2
 .for all F g L N . Hence,0
np np
y1 n y1 ny1u m , n s cos l9 x a x m q sin l9 x b x m . 4 .  .  .  .  . 4 .  .
2 2
Otherwise, by resorting to Proposition 3.2, we can show that
 y1 n  ..4 . U n  .  y1 ny1  ..4 . U ny1.  .l9 x a x m s L A m and l9 x b x m s L B mm m
which implies that
np np
U n U ny1.u m , n s cos L A m q sin L B m . 5.6 .  .  .  .m m /  /2 2
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 .  .It is not difficult to demonstrate that 5.6 is truly the solution of 5.1 that
 .  .satisfies the conditions 5.2 and 5.3 .
 .  .b Finally we will try to seek a generalized sequence U g L9 N0
satisfying the ordinary difference equation
n q 1 n
2U n y U n q 1 y U n y 1 s F n , .  .  .  .
2n q 3 2n y 1
 .where F is a given member of L9 N . Notice that this equation can be0
rewritten
2U n y L*U n s F n . 5.7 .  .  .  .
 . .  .  .If we set l9U x s u x and apply the operational rule b in Proposition
 .3.2, Eq. 5.7 becomes
2 y x u x s f x , .  .  .
whose solution is
f x .
u x s . 5.8 .  .
2 y x
w  .x y1 .y1 . .  .By virtue of 15, p. 422 13 one has that l9 2 y x n s 2Q 2 .n
Now, in view of the asymptotic representation of the Legendre function of
w  .x  .  .the second kind 10, 7.11.11 , we can prove that Q 2 g L N . There-n 0
 .  .fore, applying 4.13 we can invert 5.8 to get the tentative solution
U n s 2 F n (Q 2 . 5.9 .  .  .  .n
 .  .That 5.9 is truly a solution of 5.7 can be easily shown, in view of
 . w x  .Propositions 2.2 and 3.2, the relation 2.8 in 13 , and definition 3.6 .
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